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ABSTRACT

Quadruple tank (QT) is a benchmark problem for a multivariable nonlinear interactive tank system.
Estimation is the process of approximating the state of a system, to estimate the levels of the QT minimizing
the effect of noise emanating from the sensor that degrades the controller performance. The Conventional
state estimators used to estimate the true state of QT system from noisy sensor information has limitations
such as model approximation and computational complexity. Kalman Filter (KF) widely known optimal
estimator, it is limited only to linear processes. Extended Kalman Filter (EKF) is an extended form of KF used for
nonlinear process. Unscented Kalman Filter (UKF) a modified form of EKF, addresses the shortcomings of
Extended Kalman Filter (EKF). This investigation presents the comparative analysis of EKF and UKF based state
estimation for QT that overcomes the disadvantages of the conventional estimators. Simulation of EKF and
UKF based state estimation of QT is carried out in MATLAB software and the result indicates that the UKF
provides the best estimation.
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INTRODUCTION

A Quadruple tank is a nonlinear system with Multi input Multi output (MIMO). The basic
mathematical modelling of QT in [1] gives the dynamics of the system behaviour. To estimate the level in QT
sensor produces some internal noise problem is less possible to eliminate it from the system performance, so
there is a necessity for estimating the system performance. The noise produced in sensor, will affect data
accuracy in the process and hence there exist a poor controller performance thus the state estimation is
necessary for the process to improve the overall performance by providing a better controller.

State estimation of QT is discussed in various research works that Kalman filter is a linear process that
faces the difficulties in solving the nonlinear function [2]. The two interconnected tanks are estimated using
the EKF algorithm in [3] gives satisfactory result. For dynamic signals used in the communication system is
analysed in [4] are widely corrupted with the noise, if the SNR ratio is low and suggested that PSO produces
the better result than EKF.

Unscented Kalman Filter gives an effective solution for the system deals with approximating the
complex state [5]. A new method has been implemented in [6] known as Unscented filtering (UF) will provide
an easier way to find approximate the Gaussian curve. The UF allows the mean and covariance to propagate
through the nonlinear function and find out the new mean and covariance at the output side. Unscented
Transformation (UT), that allows to select the sigma points has to be around the mean of the input Gaussian
curve [7] these point are propagated through the nonlinear function and gives out an new form of mean and
covariance.Unscented Transformation (UT) technique is used for proceeding the UKF algorithm. For maintain
the level of QT estimation plays the vital role, also in order to improve the performance of the system the
response are been estimated using these filtering algorithm.

The rest of the paper is structured as, Description of the Quadruple tank process in section Il, The
basic mathematical modelling is explained in section Ill, Dynamic behaviour of the system in section IV,
Unscented Kalman filter algorithm is discussed in the section V, Simulated result in section VI, finally
Conclusion in section VII.

QUADRUPLE TANK DESCRIPTION

A Quadruple Tank system consist of four interconnected tanks (T4,T,, T3 and T,) out of that two tanks
(T and T,) are placed at the bottom of (T3 and T,) respectively, a reservoir is kept to store the liquid to feed the
tanks. Two pumps (P, and P,) are been provided to feed the tanks for the applied voltages V; and V,, with the
flow ratio of y; and y,. Pump P, feeds the tanks T, and T, respectively for given flow ratio y,, similarly pump P,
feeds the tank T, and T3 respectively for given flow ratio y,. The parameters of the tanks are noted as follows
the area of cylindrical tanks are (A; A, Az and Ay), the outlet of each tanks is represented as (a;, a, ,a3 and a ),
the level of each tank is denoted as (h4, h, ,h; and hy).

Due to various flow rate applied to the QT system there exist an interaction problem and the heights
in each tanks get varied. QT has two different types of operating regions, they are Minimum Phase Mode
(MPM) and the Non Minimum Phase Mode (NMPM).

MPM will allow the flow of liquid in the upper tank is higher than the lower tank, in order to archive
MPM the flow ratio sum must be more than 0 but less than 1, NMPM will allow the flow of liquid in the lower
tank is higher than the upper tank, to implement NMPM the flow ratio of QT sum must be more than 1 but less
than 2.
Table 1: Flow rate to the tanks generated by the pump

Pump | Tank1 Tank 2 Tank 3 Tank 4
1 Yikyp vy - - -y deywy
2 - Vakpvs | (1 —y2)lyv; -
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FIG 1: SCHEMATIC REPRESENTATION OF QUADRUPLE TANK SYSTEM.
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MATHEMATICAL MODEL OF QUADRUPLE TANK

From the description the physical parameter of the QT system the mathematical model is derived from the
Mass Balance equation and Bernoulli’s equation using the inputs and outputs in the following section.

Mass Balance equation

‘The rate of flow is equal to the difference between the inflow rate and the outflow rate of the
tank i.e., Rate of accumulation = (inflow rate — outflow rate)

The mass balance equation is given independently for all the four tanks they are as follows

V=Axh (1)
V= Qin — Qout (2)
Aix =gy — Qoue (3)

Where, ¥ is the volume of liquid in cm3, A is the cross sectional area of the tank in cmz, h is the level
of ligid in cm, gj, is inflow rate of liquid to the tank in em’/s, Goue 1S the outflow rate of the tank in cm?/s.

3.2 Bernoulli’s equation
The Bernoulli’s equation is evaluated for an incompressible liquid and it is given as
1
ptie vl + pgh = constant (4)

At the surface of the liquid the velocity 13, = 0 and at the bottom the height h=0
Substituting the condition to the Bernoulli’s equation we get

p+fgh:c (5)
ptipuz=c (6)

On subtracting the equation (5) and (6) we get

vl = 2gh (7)
v, = ./2gh (8)
Qout= A * Ty (9)

Qour= 0%,/ 2gh (10)
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Where, a is cross sectional area of the outlet in cm?, 1, is the speed of liquid at outlet flow
rate in Iph, h is the level of liquid in cm, g is Density of the liquid in Kg/cm?, p is pressure of the liquid
flow in N/m?, g is acceleration due to gravity in cm/s.

The pump generated flow is given by Gpump = k¥, where i=1,2.
The non linear model of quadruple tank is given below

Ah =g, — Qo wherei=1,2,3,4 (11)
Gin1 = V1Kpls (12)
Ginz = Y2Kpls (13)
Ginz = (1 —v2)kpvy (14)
Gins = (1 —¥1)kpvy (15)

Gour = G; Uy = a; /2gh; wherei=123,4 (16)

For tank 1
Rate of accumulation = (inflow rate — outflow rate)

_ Aty = Qint + Gours — Qourt
Aj_h-l = '}'rlk'pt'ﬂl + ﬂ-a-\,'azgha - ﬂ-j_\,'azgh-l (17)

For tank 2
Rate of accumulation = (inflow rate — outflow rate)

. Aﬂh.ﬂ = Qinz T Gours — Gourz
Ashy = y2kyvs + @y, 2g9hs — az,/2gh; (18)

For tank 3
Rate of accumulation = (inflow rate — outflow rate)

] Aah:a = fin3 — Qoutd
Azhy = (1 _T’zjkpf‘z — @3./2gh; (19)

For tank 4
Rate of accumulation = (inflow rate — outflow rate)

) —'1455?:4 = Qine — Qoucs
Ashy = (1 —y kv — as,/2ghy (20)

The non linear differential equation of all four tanks is as follows

hy = Ai__'[ﬂwm‘i‘ Yikpts = G3,/2ghy ) (21)
o Ty as )
My =5 (1 =72)kpv2 — a3y/2ghs) (23)
hy = i (1 -y kv — as.2ghy) (24)

Where, A cross-section area of Tank in cm?, @ cross-section area of the outlet of Tank in cm?,
h liquid level of Tank in cm,1? pump voltage in V, g acceleration due to gravity cm/s’.
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By knowing the mathematical model of QT the dynamic of the system can be studied in the
next section.

DYNAMICS OF QUADRUPLE TANK
In order to study the dynamic behavior of the quadruple tank system can be studied under two cases

e  Keeping flow ratio as constant and varying pump voltages
e Keeping pump voltages as constant and varying flow ratio

This dynamic behavior helps in selecting the operating pump voltage and the flow ratio, to maintain
the required height of the water in all the tanks, also individual ranges of the tank.

e Keeping flow ratio as constant and varying pump voltages

For a fixed flow ratio of ¥; = 0.7 .3; = (LB, then the response is noted by varying the pump voltage
provides maximum height in each tank is shown in table 2. When the voltage is greater than 2.5V water level
reaches 10 cm when compared to the other set of voltage. If any one of the pump voltage is less than 2.5V the
level in all the tanks will be less than 10 cm. Voltage can be ranged from 0 to 4 V, when exceeding this range
the system tends to unstable. Tanks 3 and 4 get settled much faster than the tanks 1 and 2 this is because
these two tanks get two input, one from the pump 1 and the other from the drain of tank 3 so it takes some
time interval to settle. Whereas tanks 3 and 4 get only one input that is from the pumps. Maximum level of
individual tanks is shown in table 3.

Table 2: Level of all four tanks for an fixedyy = 0.7 .72 = 0. 6

Tank Vi=3 V1=2.5 Vi=1 V1=3.5 Vi=1
V2=3 V2=3 V2=3 V2=3.5 V2=1

1 12.2 9.7 4.0 16.6 1.3
2 12.6 11.3 7.6 17.2 1.4
3 0.7 1.1 1.6 11.2 0.17
4 1.4 0.9 0.1 13.6 0.15

Table 3 : Maximum level of individual tanks

vy 1=0.7 y 2= 0.6 (are kept constant)
Voltage get varies
TANK MAX HEIGHT

1 12.2
2 12.68
3 11.2
4 13.6

Keeping pump voltages as constant and varying flow ratio

For a fixed pump voltage V, = 3, V, = 3 then the response is noted by varying the flow ratio provides
the maximum height for each tank is shown in table 4. If the ¥ ranges from 0.6 to 0.8 then the water level is
maintained between 10 cm to 22.5 cm. when any one of the ¥ value is less than 0.5 then the quadruple tank
system faces the unstable system situation. When one of the ¥ value is 0.8 then the other is less than 0.2,
tank2 overflow which indicates that the system is set to be unstable. The water level exits the normal level of
the tank the values are shown in the table 3. The settling time for the upper tanks is faster than the lower
tanks is because it has only one input and one output whereas the lower tanks has two input and one output.
A maximum level of the individual tanks for the fixed pump voltage and variable flow ratio is shown in table 5.
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Table 4: Level of all four tanks for an fixed V,=3, V,=3, and variable y values

Tank | G1=0.2 | G1=0.5 | G1=0.7 | G1=0.9 | G1=0.1
G2=0.8 | G2=0.5 | G2=0.2 | G2=0.1 | G2=0.1

1 1.6 10 22.7 32.6 12.2
2 39.9 15.6 3.9 0.62 12.6
3 0.40 2.5 6.4 8.1 8.1
4 10.0 3.9 14 0.1 10

* G1 and G2 represents the gamma

Table 5: Maximum level of individual tanks

V1=3,V2=3 (are kept constant)
y get varies
TANK MAX HEIGHT
1 32.69
2 39.99
3 8.17
4 10.01

This study helps in selecting the range of the water level in the tank and to maintain the quadruple
tank system as a stable system for a specified set of fixed and variable values.

ALGORITHM

This section discuss about the EKF and the UKF algorithms corresponding steps that involved in
processing the filtering techniques. The flow of prediction, correction and updation in both the algorithms has
mathematically derived and the sets of equation is given as follows
5.1 Extended Kalman filter algorithm

Extended Kalman filter is the extension version of Kalman filter, in KF it is used only for processing the
linear system, when it come in to an non linear system EKF is used. EKF will linearize the non linear function
but approximating the function with the help of the Jacobian matrix calculation. The Jacobian Matrix will
partially differentiate the equation of the non linear function at each state and then it updates the
corresponding state matrix, this process is repeated such that the linearization is archived. The prediction,
correction and updation steps are as followed by these equation.

State space equation of the non linear fuction

x5 = Flare g ey Wiy ) (25)
Yy = h{.r;t.,u;l-, I:';l-:] (26)

Where, f and h are the input, output functions, x is the current state of the system, xj._; is previous
state, uy_; is control signal given to the previous state, ¥; output vector, wg. ¥ is the process and
measurement noise.

Calculation of Jacobian Matrix

ar an

Feoy = 515:_:1 , Hyy :aa (27)
f 7
Lii= 50 My = (28)

F,H Differentiated with respect to the state estimate
LM Differentiated with respect to the process and measurement noise
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Prediction of new state

In the prediction stage the new state of the system is predicted, by solving the non linear equation
using the Jacobian matrix. The new Mean and Covariance will form a new state for the system and the
previous value will be updated by correcting it with the gain obtained.

-1 = F(F oty 1. 0) (29)
Folgr = B 4P oFl_y + Ly QLT (30)

Where, i;_, is the new expectation of the Predicted state, P |;_, is the new covariance of the predicted
state, F;_; and @._; are Process noise covariance matrix and Measurement noise covariance matrix
respectively.

Correction in the system

In the correction step the Kalman gain is found, that helps in correcting the deviations that occur in the
previous state. The gain is similar to that of error detector in the control system.

Ky = Py HE (HiP elie-nad + M R, M7 ) (31)
Updation of the state

Updation is required in order to implement the new values that has been obtained in the correction stage.
Without updating the values it is not possible to track the system response.

Ep = Fypoa + K (R- = h( Ry e U}) (32)
P =0 - KeH )Py (33)

H

Unscented Kalman filter algorithm

UKF is a extension algorithm of EKF, it is used for solving the nonlinear process. It is preferred when
there exist an higher non linearity in the function, it is capable of solve the problem without linearizing the
nonlinear function, and overcomes the complexity that occurs in the EKF, one of the biggest disadvantage in
UKF is that it more time to compute the result. UKF involves various steps along with the prediction, correction
and updation steps.

Step 1: Generating the Sigma points (y)

To obtain the sigma point certain scaling parameters are to be calculated , they are

A= (L+g)— L (34)
A
T}Enz (L+A) (35)
i 2
c - —_ i
o= gt TR =
m _ c_ - =
it =nf= ot 1,...2L (37)

As the © value is increases the Gaussian curve will spread its curve wider in all direction and gives
more possibility to place the sigma points.

The generate the sigma point (2L+1) points has to be selected, where the additional point other than
the length of the state is mean.

Where, = Primary scaling parameter, { Secondary scaling parameter, 1 Always set to 0, L Length of
state vector, N5 1§ Weight matrix, 4 Additional scaling parameter.
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[ =

=[x T+VL+1,/R T-VL+i,/P] (38
Where, X primary mean, Py primary covariance.

Step 2: Transformation y into a non linear function

(0 L .
Kooy = Ftimy Hgoy) £= 01,21 (39)
Where, uy_; control signal.

The each column of the sigma point is passed though the nonlinear function along with the control
signal and a new transformed sigma point is obtained.

Step 3: To calculate the A prior state estimate

Before the generated sigma point is passed into the nonlinear equation, its normally distributed
Gaussian curve mean £ and covariance Py k-1 Is calculated.

Mean
[0 2z e . (0
;I;|-;l-_1 = EL':D??EY J'.";Il-“l-_l (40)
- . M . . (i . . .
Where, & A prior mean, 71; ~ Weight mean matrix, Xklk—l Sigma point matrix.
Covariance
-
o — 2L £ (0 _ AlD N ) )
Pri|n'—1. - Qu‘—i + EI.:D??[ {Xﬁ'ﬁc—l x;‘:l;‘:_l}(}:ﬁ'lﬁ'—l - xkli‘—l) (41)

. c . . . . .
Where, (J;,—1 process noise, 1; Weight covariance matrix, Pk| x—1 A prior covariance

Step 4: Calculate Output sigma point

The new sigma point is calculated along with the Gaussian curves updated mean ¥._, and

H

covariance Pf}

[ (i) -
Wi = h (o, w), 1= 01020 (42)

(i
Where, 1,'.'J,;|::{_1 newly generated output side sigma point, 1, control signal, it output function.

Mean
. (D)

Yrp-1= ZE:D??LW tl'!‘kﬁ.'—j_ (43)
Where, ¥ output Mean.

Covariance

P _

T

7, _':E' Q':C' _|:I:’_'| .lzl:l::l
Ry + Eisonf '[‘IE‘m;;-l - }'Fclic—l} {t'e‘i'lii—j. - 1":;|;;—1) (44)
Where, Pk}} output covariance, B3 measurement noise.

Step 5: Kalman Gain
The Kalman gain is obtained by combination of auto correlation and cross correlation covariance

matrix. The noise is not taken in account for the calculation of cross correlation since it get equalizes the noise
value.
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Cross covariance matrix

¥ _
- ,,

n (0 [0 0 Ay
¥, 5f (?f;l.-ﬁ;-l - x;ﬂk—i) (ﬂ‘;‘qa—-l _}';L|;.--1) (45)
Where, B cross correlation.

Gain Calculation

Ky = BV (V) (46)
Where, K Kalman Gain .
Step 6: Update state
X = Tppe—1 + Hk(}’k_— ?k|k—1) (47)
Pk = Pk|k—1 - Hkp;l{}:’ H{ (48)

Where, ¥, posterior mean, Py, posterior covariance.

. SIMULATION RESULT

TANK 1

UKF
True
EKF| |

4.8

94 96 98 100 102 104 106 108 110 112 114
time(sec)

Fig 2: Enlarged view of comparative result of UKF and EKF for Tank 1

TANK 2

c c c c . c c c
1415 142 1425 143 143.5 144 144.5 145
time(sec)

Fig 3: Enlarged view of comparative result of UKF and EKF for Tank 2

For the QT system shown in fig 2 and 3, the parameter values shown in table 6 and 7 are the inputs
delivered from the pump to the corresponding tanks tabulated in table 1 is applied with a step input of V=1V
and V,=1V along with the flow ratio (y,, y,) for pump 1 = 0.4 and for pump 2= 0.5. The simulated result shows
the level of all the four tanks for the above said input values. The vertical axis give the Height in (Cm) and the
horizontal axis shows the Time in (sec). The red line indicates the system response and the blue line indicates
the response of UKF along with the sensor noise present in the system.
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Table 6: Model parameters of quadruple tank

Parameter Value Unit
AA; 28 cm’
AyA, 32 cm?

a4,a3 0.071 cm’

a,,34 0.057 cm’
K, 1.00 V/ecm
G 981 cm/s2

Table 7: Scaling parameter of UKF

Parameter Value
0o 10%to 1
B 2
5 0
CONCLUSION

The Comparative analysis of State estimation of the QT using EKF and UKF algorithms has been

implemented. When compared with other conventional estimators, UKF provides better result because it does
not linearize the non linear function. Thus approximation is reduced in UKF when compared to EKF algorithm.
Higher the approximation in EKF, more the error in the result, thus UKF is better for estimating the non linear
equation. In future the noise can be given to the plant and the error can be calculated. Hence the noise is
minimized by designing a controller where the performance of the system response can be improved.
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