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ABSTRACT

In this article the author studies the problem of best approximation of a derivative at a point from a
bounded analytic function defined in the upper half-plane. The problem is solved using information about the
value of the function at the same point, as well as the values of the function in some finite set of different
points. The article consists of an introduction and two sections. In the introduction, some concepts and results
from K.Yu. Osipenko's article are given and the problem of optimal recovery of the derivative is formulated.In
the first section he finds the error of the best approximation method, as well as the corresponding extremal
function. In the second section the coefficients of the linear best approximation method are calculated.
Keywords: optimal recovery, error of the best method, extremal function, linear best method, coefficients of
the linear best method.
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INTRODUCTION

Approximate calculations are often used to evaluate chemical and biological processes. Optimal
function recovery is one of the methods of approximate calculations.Here | study the problem of optimal
recovery of a derivative of an analytic function defined in the upper half-plane from values of the function in a
finite number of points. First, let me recall some concepts and results from the work of K.Yu. Osipenko. Let X
be a linear normed space, and W a unit sphere. Further, continuous linear functionals defined in X are denoted
by L Ly, Ly IFSTE, . o £y is any complex function of n complex variables, then the error of approximation by
the method S of the functional L from the values on the set W of functionals [4..... [,is the following quantity:

2 (8) = sup|L(x) — 5(1, (), ... 1,(x))]

XEW

The method 5 (ty. .... £} is called the best approximation (or recovery) method if the following equality
holds:

7 (55) = infr (5)

In [2] we proved that in this case there exists a linear best approximation methodSy = Xfo, cxly(x)
(here cpare some complex numbers, the coefficients of the linear best method). In the above mentioned
article Osipenko found, that the error of the best method is determined by the following formula:

RGo=  swp LG @
XEW
Iy () ==l (=D

The upper half-plane is denoted byD = {z:Imz = 0}, and B*(D) = {f(z): If(z)| = 1} is a family of
analytic functions in D. Further, letzg, 2. ... Z, -be distinct points in D (2 = x;+ iy k& = 1,..,n).Consider
the concrete functinality:

L(f) = ' (zp). 1, (F) = flzd o 1, (F) = flzpd gy (F) = flzp);

here f"fz] is any bounded analytic function in D. According to the above mentioned facts, there is a
linear best approximation methodeg flzp) + LE_s € f(Zi)(ex- coefficients of the linear best method;
k= 0,1,...n). The error of the best approximation method (denote it by#; {(Zg. 24, ... 25 })is calculated by the
following formula (see (1)):

TI{ZD-'Z]_.- ----'zn:] = SL'I.FI' |fr{zn:]| {2:]
fl=lestin)
f ':2'1:'=..=f':37::'=f':x'u:'=0

I would like to note that the problems of optimal recovery have been considered in many worksby

Micchelli, Rivlin, Ovchintsev, Kusis (see [1], [2], [3]). And to find the coefficients of the linear best method (in
the second section) | will need the following integral (see [4]):

-
J‘ dx T .
lx —z 12y )

Wherezn =Xp + f-_‘]r'n {_‘Jr‘n = D:]-
Finding the error of the best method

Denote by

B&]=Hz_z_;" (4)
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the finite Blaschke product in the upper half-plane, and
A=1{fz).f(z) e BYUD): f(z,) = » = flz,) = flz,) = 0}

is a family of analytic functions. In order to find the error of the best method, we factorize the family of
functions A. It will be more convenient for me to do this with the aid of a similar family of analytic functions in
the unit circle. Denote by K = {w: lwl < 1}, B*(K) = {glw): |g(w)| = 1}.let's pretend that b € D(b-
fixed;Imb = 07.Let us study the mapping of the upper half-plane D onto the unit circle K:

w=F@=""2
z—h
| denote by
g = Flzp), e, = Flzy) o e, = Flz, 0 4; = 1glew): gle) € BHE). glewy) = glew,) = o = glew, ) =0 },

where

il
e — i 0 — g

1 — o 1— g
(i ;:=1 H

is a finite Blaschke product in the circle K (we recall that iflel = 1, then
1B, ()] = 1).
Ifglw) € A then the function @{e) takes the following form:

glw)
By (w)

Therefore glew) = B, (w) ¢lw), whereglw) € B*(K).

plw) = € B*(K)

Now suppose the following:f(z)} € A.Consider the following function:

b — be
,g{m]=f(l_mj

It's obvious thatgleg) = glw,) =..glew,) = Oandglw) € BXK)This implies the following
relation:g(m] e A;.Consequently:

n

€ — dy H o — Gy
= 5
gles) o -._,_1 ore ilea) ()
Since
2—b  Ep-b
o — g (ﬁ_xk—ﬁj Zp—bz—z
1—Ggw (1 _!E-Eﬂ) Tz —bz-—z
IE-bz-b

then (see (5))

Where

hiz} e B*(D).
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Then
; 1
F(zp) = hiz)B(z,) E

This implies the equality:

1Bz 1B (zg)]
Gl gl =BG
2y R(z1EFL(D) 2y

(6)

?‘L{zp.- Iy, ---.-zr!::I =

Note. The extremal function of problem (2) is unique up to a factore®,in which & —is a real constant, which
has the next form:

Z

fri@= 9"’52

— EB(z)
-3
Calculating the coefficients of the linear best recovery method

It follows from [4] that the linear best approximation method is unique. In order to find its coefficients,
we apply the following integral:

1 [ Bz f(®)

- 2mi B (x - 2,)? *

(7

Here B(z)is determined by the formula (4), andf(z) € B*(D).| calculate the integral (7) with the help of
the residue theorem. For this, it is necessary to verify the fulfillment of the corresponding condition. Let
introduce the following notation:¥(R} = {z:lz| = R.Imz=01} (R =0; semicircley(RJdoes not pass
through pointszy, £4.... Zy),

_B(z) fiz)
T B(z) (z — g @)

(=)

Q(R) = [ o) dz ©

¥I&)

Let estimate the value Q(R) modulo:

1
———ldz =
Iﬂz]“z—znlzl z|l <

iz — )
[le=5

k=1

lgryl = 1B (z) J.

¥R

< |B(zy)l J- ﬁ(l _j:)

L&y k=t (1 _?)

Let introduce an additional notation:

Since
limg(z) =1

then there exists a numberfy (R = 0Jsuch that
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lg(z)| = Mfor all z for which |zl = By (M is a constant). This implies the inequality:

Q@) =181 M j |dz|—ﬂr|B|[z[,]|M

'r'[R"l

Since

1
Jim mlB(z )| M ' 0

Then

lim Q(R)} =0

A==
and, therefore, it is possible to apply the residue theorem to the integral (7) (see (8) and (9)).

Note. The integral (7) converges in the usual sense. In fact, this follows from the inequality (see (7), (8)):
o)l ¢
:: —
@<

where € is a constant.

Singular pointszg. Z4. ... Zy 0f the functions®{z}are poles. Let me find the residues at these points:

e (=) = Blz,) hm (;E?]) fizp)— 5 {{an flzp)

Blz) flz) _
355 0@ =lim - o ]E{z] G—z?
=B(z,) li (z) =
] xl:ct?;c C:;;J n 3 XI{Z —ZD:]E f

_ Blelz — R FE) = 2B (o), flz3)
B = N T zk_x[( v — )2

l:tl[zk el =k
Denote
Co = i;’;:]'] (10)
Cp = T if{f["éf_zn] (k =1....n) (11)
Then (see (7))
J=fizp) — epflzg) — EF: i f (z;) (12)
k=1

Let estimate the integral ) modulo from above.There is the following estimate (see(7) and (3)):
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1 718Gyl I BG)I [ dx
el R
_IBGz)l m _ 1B(z)

I Jf'n_ 2y

Thus, for all functions f{z) € B*(D)the following estimate holds (see (12) and (6)):

= 12 20 00 Zg)

‘fr{zn] —cof Gao) — ). uf ()
k=1
Hence it follows that the method
cof(z0) + . ci Fzi)
k=1

is the linear best approximation method. In this method, the coefficientsey (k = 1.....n) are calculated

by the formulas (11), and the coefficient ¢y by formula (10).

CONCLUSION

Thus, the coefficients of the linear best approximation method are found and its error is calculated, i.e.

the problem is solved/
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